A systematic study of the deviation from size consistency of the multireference second-order Møller-Plesset perturbation theory (MRMP2) method is presented. The size-consistency error is shown to depend on the number of monomers in a supermolecule calculation, size of basis set, number of correlated valence electrons, and size of active space. HF, F2, and N2 are used as test cases, with stretched bonds, to include simple, welldefined multireference character. This is essential in ensuring that MRMP2 is being tested as a multireference method. It is concluded that the MRMP2 and other multireference perturbation theory methods can exhibit significant size-consistency errors, and that the size of the error depends on the manner in which the perturbation theory is implemented. A systematic study of the deviation from size consistency of the multireference second-order Møller-Plesset perturbation theory ͑MRMP2͒ method is presented. The size-consistency error is shown to depend on the number of monomers in a supermolecule calculation, size of basis set, number of correlated valence electrons, and size of active space. HF, F 2 , and N 2 are used as test cases, with stretched bonds, to include simple, well-defined multireference character. This is essential in ensuring that MRMP2 is being tested as a multireference method. It is concluded that the MRMP2 and other multireference perturbation theory methods can exhibit significant size-consistency errors, and that the size of the error depends on the manner in which the perturbation theory is implemented.
I. INTRODUCTION
Among his set of criteria for what constitutes an acceptable ''model chemistry,'' Pople had size consistent high on the list. For a method to be size consistent, at minimum the energy of a supermolecule A¯B, with fragments A and B separated by a long distance must be the sum of the energies computed separately for A and B. Indeed, a major reason for the great popularity of second-order Møller-Plesset perturbation theory ͑MP2͒, 1 as opposed to other perturbation theory formulations, is the fact that MP2 is size consistent. 2 On the other hand, truncated configuration interaction ͑CI͒ wave functions, such as the popular singles and doubles method ͑CISD͒ are not size consistent.
The increased flexibility that comes with multiconfigurational self-consistent field ͑MCSCF͒ wave functions is critical to the description of many chemical phenomena, especially those that involve near degeneracies, such as one encounters as bonds are being broken or formed. If a MCSCF wave function is formulated using the complete active space ͑CASSCF͒ ͑Ref. 3͒ or equivalently, a fully optimized reaction space ͑FORS͒ ͑Ref. 4͒ and one uses a consistent active space, the resulting wave function is properly size consistent. However, a simple MCSCF wave function, like its Hartree-Fock ͑HF͒ analog, does not account for the so-called ''dynamic'' correlation effects. For HF-based methods, dynamic correlation is incorporated using a variety of approaches, including MP2 ͑size consistent͒ and CISD ͑not size consistent͒. If one is starting from a FORS MCSCF wave function, the analogous methods would be multireference second-order perturbation theory ͑MRPT2͒ or multireference CI ͑MRCI͒. The most common implementation of MRCI is the singles and doubles analog of CISD, called MR͑SD͒CI. As is the case for CISD, MR͑SD͒CI is known to be size inconsistent. Fortunately, for both CISD and MR͑S-D͒CI there are simple corrections to approximately correct for the size-consistent error by estimating the contributions from higher excitations. 5 The MRPT2 approach for recovering dynamic correlation starting from a MCSCF wave function has become popular because, like its single-reference analog MP2, it is computationally efficient when compared with the alternative of MR͑SD͒CI. Unlike its closed-shell single reference counterpart, MRPT2 is not uniquely defined. Consequently, there have been several alternative implementations, including CASPT2 ͑Ref. 6͒ of Roos' group, MROPT ͑Ref. 7͒ of Davidson's group, MRMP2 of Hirao, 8 and MCQDPT2 of Nakano. 9 Unlike MRCI, for which the lack of size consistency is clear, the error in MRPT2 methods depends on the choice of the zeroth-order Hamiltonian. This study focuses on MCQDPT2 and MRMP2, which are equivalent when the multistate MCQDPT2 theory is applied to a single state.
While the various flavors of MRPT have seen wide application, its size extensivity and size consistency properties have received surprisingly little attention. In a recent paper, Witek, Nakano, and Hirao 10 used Ne dimer as a test of size consistency, or lack thereof, and concluded that their methods are ''...almost size consistent; the largest deviation from size consistency is 0.18 kcal/mol. Very large errors from size consistency are observed for the MRCI method... .'' However, Ne and Ne 2 are essentially closed shell, with natural orbital occupation numbers that are essentially 2.0 and 0.0 for occupied and virtual orbitals, respectively, and therefore do not have the very property for which the method was developed. Thus, the multireference nature of MRPT is not being tested, and their study is essentially a comparison of the single reference MP2 ͑known to be size consistent͒ and CISD ͑known to be size inconsistent͒ methods.
Presented herein is a systematic study of sizeconsistency errors in MRMP2, and the factors that affect the magnitude of these errors.
II. METHOD
The size-consistency error ͑SCE͒ is defined as the difference between the sum of the energies obtained from the separate monomer calculations and the energy obtained from a calculation in which all the monomers are present but separated by distances sufficient to guarantee no interactions between them ͑the ''super-molecule'' calculation͒. Thus, for the A¯B system discussed above,
The above notion of size consistency can be impacted by several parameters that define the size of the model system in different senses, including number of monomers, size of the basis set, number of correlated valence electrons, and size of the active space.
The aim of the present study is to examine the impact of each parameter in turn, on the SCE. The details of each study are given below.
Because MRMP2 is a multireference method, it is important to include test cases that are multireference in nature. This is accomplished here by choosing molecules well suited to testing the four size criteria, and then stretching bond lengths to ensure that there is significant occupation outside the single reference. Bond lengths and natural orbital occupation numbers ͑NOONs͒ are listed in Table I for HF, F 2 , and N 2 , the three test molecules chosen for this study. NOONs indicate the number of electrons present in an orbital. N 2 is the least multireference of the set, with and * occupation numbers close enough to closed shell to be described with a single reference wave function, but with occupation numbers for the and * orbitals well outside the range in which a single reference wave function would be appropriate. Now consider the following points. ͑1͒ To study the dependence of the SCE on the number of monomers, up to six HF molecules are considered, using an active space for each HF that consists of two electrons occupying the and * orbitals. The active space will be denoted ͑2,2͒. The presence of well defined, yet simple, multireference character is guaranteed by stretching the H-F bond to 1.6 Å. The choice of HF simultaneously facilitates the second study, on the effect of basis set, described below.
͑2͒
To study the basis set effect on the SCE, a system that can be described by a wide range of basis sets and remain computationally tractable is needed. The HF molecule is described by two basis sets due to Pople and co-workers, the 6-31G(d,p) ͑Refs. 11 and 12͒ and 6-311G(d,p), 13 and three correlation consistent basis sets, cc-pVDZ, cc-pVTZ, and cc-pVQZ, by Dunning.
14 In addition, the latter three basis sets facilitate an extrapolation 15 of the one-particle basis to the approximate complete basis set ͑CBS͒ limit. Furthermore, we combine the first two studies so that the effects of one may be removed from the other. Thus, calculations using all five basis sets are carried out on one to six HF molecules.
͑3͒ In examining the effect of increasing the number of electrons the comparison of systems with many subtle chemical differences is unavoidable. First, it is sensible to choose HF since data on effects ͑1͒ and ͑2͒, above, will be available should their influence become important. Then, given the constraints of tractability, the ͑2,2͒ active space, and the desire to increase the number of chemically relevant valence electrons ͑rather than inactive core electrons͒, a natural choice is F 2 . Since the active space is the same as that used for HF, the additional valence electrons test the impact that an increase in the valence dynamic correlation ͑i.e., the MP2 part of the calculation͒ has on the SCE. As for HF, the single bond of F 2 is stretched to ensure multireference character. The cc-pVTZ basis is used for F 2 .
͑4͒ N 2 is chosen to examine the impact of increasing the active space since its triple bond permits three well-defined spaces: ͑2,2͒ including and *, ͑4,4͒ including both and * orbitals, and ͑6,6͒ including , *, , and *. The ccpVTZ basis is used for these tests.
Finally, several of the above factors are combined in an example to illustrate that the magnitude of the sizeconsistency error is significant in ''real world'' applications. This example is taken from a study on the reaction of acetylene on the Si͑100͒-͑2ϫ1͒ ͑Ref. 16͒ surface, and includes the Si 15 
III. RESULTSÕANALYSIS
The dependence of the SCE on the number of monomers and the basis set is shown in Figs. 1-3 , and Tables II-IV, for all cases. The SCE grows rapidly with the number of monomers in the supermolecule calculation. Figures 4 and 5 show that the error per monomer is approximately linear. This suggests that the SCE can be characterized as a many-body effect. Assuming the error for two monomers is the two-body error, the SCE can be approximated by scaling this two-body interaction by the number of unique monomer pairs. That is,
where n is the number of monomers. Plots of Eq. ͑1͒ using the CBS (SCE) 2 for HF and the cc-pVTZ (SCE) 2 for F 2 are compared with the exact SCE in Figs. 1 and 2 , and found to match reasonably well. Note that deviations begin at nϭ4, the range at which there are now a significant number of three body and greater interactions; even so, at nϭ6 the two-body approximation still recovers 84% and 87% of the total error for HF and F 2 , respectively. Now consider the effect of basis set size. Each of the five basis sets is used to calculate the MRMP2 energy for 1-6 HFs. The shape of the curve is qualitatively the same for each number of HFs ͑Fig. 6͒, which indicates that the manybody effect described above is independent of the chosen atomic basis set. While HF has 20 basis functions with both the 6-31G(d,p) basis and the cc-pVDZ basis, 6-31G(d,p) lies slightly off the curve. This is most likely simply due to the fact that the basis sets are slightly different.
Although the shape of the curve is similar for all of the basis sets, there are important quantitative changes as the basis set is increased. As an example, consider the error in size consistency for nϭ3 as the basis set is increased. For the smallest, 6-31G(d, p) basis set, the SCE is ϳ3 kcal/mol. For the largest basis set, cc-pVQZ, this increases to ϳ5 kcal/ mol, and at the CBS limit, the SCE is ϳ6 kcal/mol. So, the SCE approximately doubles as one increases the basis set from a modest one to the CBS limit. This is a substantial basis set effect.
Since the basis set effect has been demonstrated for HF, the analysis of F 2 was limited to one basis set, cc-pVTZ ͑Fig. 2 and Table III͒ . F 2 shows a significant increase in SCE over HF. HF and F 2 are analogous molecules in which H and F each have one unpaired valence electron being shared to form a single bond. However, F 2 has nearly twice the number of ''observer'' valence electron pairs that are included in the MRMP2 ͑dynamic correlation͒ step. The fact that the SCE increases dramatically when H is replaced by F suggests that the additional valence electrons that are correlated in the perturbation step exacerbates the problem. While the absolute error is much larger for F 2 than HF, the SCE divided by the total energy is also larger. The MRMP2 energy was calculated for N 2 with three different active spaces, using the cc-pVTZ basis set, to examine the active space effect on the SCE. The results are presented in Table IV and Fig. 3 . The factorial scaling of FORS-SCF with the size of the active space limits the range over which investigations of active space dependence are practical. When looking for a trend, the smaller active space must be a subset of any larger active space in order to sensibly compare the two. There are two important observations to note. For a given active space, the increase in the SCE is qualitatively similar to that illustrated earlier for HF and F 2 ; a greater than linear increase with the number of N 2 molecules. Second, for a fixed number ͑2͒ of N 2 molecules, the SCE decreases as the active space is increased. This may be because a larger part of the correlation problem is being treated in a size-consistent manner for the larger active space, i.e., Full CI within the active space.
A. Acetylene on Si"100…
The possibility that size consistency for the MRMP2 method could be a serious issue was first discovered during a study of the adsorption of acetylene molecules on the Si͑100͒-͑2ϫ1͒ surface. 16 In order to determine the adsorption energy of one, two, or more acetylenes on the surface, one must compare the energies of the complex and of the separated reactants. It is the computation of the energy of the separated reactants that involves the issue of MRMP2 size consistency. The surface models employed were Si 9 H 12 and Si 15 Ϫ1 difference is too large to recommend the use of the two-body approximation for quantitatively estimating the exact size consistency error.
B. Comparison with other methods
In view of the results presented above, it is of interest to explore the SCE for other methods, particularly MR͑SD͒CI ͑with and without the Davidson correction 5 ͒ and CASPT2. 6 Previous discussions of this issue can be found in papers by van Dam, van Lenthe, and Pulay 22 and by van Dam, van Lenthe, and Ruttink. 23 All of the MRCI and CASPT2 calculations reported here were obtained with the program MOLPRO. 19 For the purpose of comparison, the F 2 system described above was chosen, using the same basis set, geometry, and active space as discussed above.
MRMP2 is implemented in terms of configuration state functions ͑CSF͒. CASPT2 can be formulated either in terms of internally contracted configurations ͑ICC͒, configuration state functions, or some combination of the two. The original Anderson-Roos CASPT2 was implemented entirely in terms of ICC. 6 The original version of CASPT2 in MOLPRO ͑Ref. 20͒ uses ICC only for external doubles, and CSF for all other terms. This is similar to the MRCI method. The newer MOL-PRO CASPT2 uses ICC for almost all subspaces of the firstorder interaction space. 21 Both MOLPRO CASPT2 implementations are considered here. For simplicity, they are referred to as CASPT2/CSF and CASPT2/ICC, respectively. The results of these tests are summarized in Table VI . For MRCI and CASPT2/CSF, only two F 2 molecules were considered due to computational limitations. Up to four F 2 molecules were considered for CASPT2/ICC. The SCE for CASPT2/ CSF is of a similar order of magnitude as, albeit a little smaller than, that discussed above for MRMP2. In dramatic contrast, the SCE for CASPT2/ICC, at least for F 2 , are orders of magnitude smaller than those found for MRMP2 and CASPT2/CSF. That is, CASPT2/ICC is indeed nearly size consistent. The reason for this can be attributed in part to the different choices of H 0 , 22, 23 and in part to the fact that the first order interaction space of the MCSCF wave function is spanned exactly by the ICC basis, generated by applying the two-particle excitation operator to the MCSCF wave function. On the other hand, all doubly excited CSFs span a space that is much larger than the first-order interaction space. These additional CSFs correspond to those disconnected diagrams that are the root cause of size consistency errors. Indeed one reason that the SCE in CASPT2/CSF is somewhat smaller than that found for MRMP2 is that the former method still uses the ICC basis for some of the subspaces. Based on this observation, one would guess that a CASPT that is formulated entirely in the CSF basis would have SCE that are very similar to those observed for MRMP2. One can explore the origin of the SCE by decomposing the error into contributions in which no electrons are excited into the virtual space ͑internal͒, contributions from those excitations in which only one electron moves into the virtual space ͑semi-internal͒, and contributions in which two electrons are excited into the virtual space ͑external͒. For the series of F 2 molecules it is found that the latter two contributions are similar in magnitude and an order of magnitude larger than the sum of the internal contributions. More extensive analyses of several systems are required before one can assume this is a general conclusion.
As expected, the MR͑SD͒CI SCE is rather large. However, after the Davidson correction is applied, the MR͑SD͒CI SCE is only ϳ a factor of three larger than that for MRMP2.
IV. CONCLUSIONS
The calculations presented here emphasize the importance of knowing the limitations of a method when using it. While MRMP2 can be quite accurate and useful for relative energies, in contrast to MRCI ͑although the F 2 example is unusually difficult͒, there is currently no simple way to estimate the MRMP2 SCE. It is therefore important that supermolecule calculations be done when necessary to eliminate any size-consistency errors. This should never be prohibitively expensive, since, if one can afford a calculation of the complex, the calculation of the supermolecule should be no more expensive. Of course, if the expense of computing the complex stresses the limits of resources at one's disposal, it may be difficult to do an equally expensive supermolecule calculation.
The many-body effect present in the growth of this error with respect to the number of separated reactants is quite startling. While one mediating factor may be that most applications are likely to involve no more than two separated reactants, the error can still be on the order of several kcal/ mol, as illustrated with the test cases in this study. Clearly, the magnitude of the error in size consistency in multireference perturbation theory depends on the implementation. This is illustrated by the comparison of MRMP2 with CASPT2. The latter method is indeed very close to being size consistent.
The authors suggest that the phrase ''almost size consistent'' is an inappropriate and misleading characterization of the MRMP2 method. 
